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0. Introduction 

Eight families of Z-graded Lie superalgebras of Cartan-type were constructed over 
a field of characteristic p > 3 foL lid flBl ]. These Lie superalgebras are subal- 
gebras of the full superderivation algebras of the associative superalgebras — tensor 
products of the divided power algebras and the exterior superalgebras. The su- 
perderivation algebras were studied in one-by-one fashion for the finite dimensional 
and simple ones 0, 0, \H , IH IB] ■ The present paper aims to use a uniform method 



to determine the surperderivation algebras of all the eight families of graded Lie su- 
peralgebras of Cartan-type, including the infinite dimensional or non-simple ones. 
In particular, the outer superderivation algebras of those Lie superalgebras are com- 
pletely determined. We should mention that we adopt a method for Lie algebras 
(lH Lemma 6.1.3 ] and benefit much from reading [lj, [l3j]. It should be also men- 
tioned that the present paper covers some known results about superderivations for 
the finite dimensional simple graded Lie superalgebras of Cartan-type mentioned 
above 0,0, 11, 14, 16 1 and certain inaccuracies in the literature are corrected. 



Throughout F is an algebraically closed field of characteristic p > 3, Z2 := {0, 1} 
is the field of two elements. As in usual, Z, N and No are the sets of integers, 
nonnegative integers and positive integers, respectively. For a Z2-graded vector 
space V , denote by \x\ = a the parity of a homogeneous element x £ V a , a € Z2. If 
V is a Z-graded vector space and x G V is a Z-homogcneous element, write zd(x) 
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for the Z-degree of x. The symbol \x\ (resp. zd(x)) always implies that x is a 
Z2-(resp. Z-) homogeneous element. 

1. Basics 

Fix two positive integers to and n > 1. Let O(m) be the divided power algebra over 
F with basis {x^ a ' \ a G N m } and A(n) the exterior superalgebra over F with n 
variables x m +i, . . . , x rn + n . The tensor product 0(to, n) := 0(m)®FA(n) is a super- 
commutative associative superalgebra in the usual way. For g G O(m), f G A(n), 
write 3/ for 3 <8> /■ Fix two m-tuples of positive integers £ := (ii, tg, . . . , t m ) and 
7r := (7Ti,7T2, . . . ,7r m ) , where 7ri := p* 4 — 1. The divided power algebra O(m) con- 
tains a finite dimensional subalgebra 0(m;t) := span F {x (a) I a G A(m;£)}, where 
A(m;i) :— {a G N m | a, < 7Tj}. In particular, 0(m,n) has a finite dimensional 
subalgebra 0(m 7 n;t) := 0(m;t) ®pA(n). 

Let u := i2, . . . , ifc) be a k-shuffle, that is, a strictly increasing sequence of 
fc integers between m + 1 and m + n. Write and lul := fc. 

Notice that we also denote the set {ii,i2, ■ . . ,ik} by the /c-shuffle u itself. The only 
n-shuffle is ui := (m + 1, . . . , m + n). For short, put Iq := 1, to, Ii := to + 1, m + n 
and I := l,m + n. For a proposition P, put Sp := 1 if P is true and 5p := 
otherwise. For £j := (^1, . . . , <5, ro ), we abbreviate a;' 6 ^ to aij for i G Io- Let 9; be 
the Special superderivation of 0(rn,n) such that di(xj) = Sij for i.j G I. 

From now on, we adopt the convention (m, n;oo) = (m,n). For example, we 
have Q(m, n\ 00) = 0(m,n). Let us introduce the eight families of Z-graded Lie 
superalgebras of Cartan-type as follows @, ID, @, EH [l5(. In the below t may be 00. 

(1.1) The generalized Witt superalgebra W (m,n;t) is spanned by all f r d r , where 
f r G 0(m,n;t), r el. 

(1.2) Let div : W(m, n; t) — > 0(m, n; t) be the divergence, which is an even linear 
operator such that div(/<9 fc ) = (-l) |Sfc|l/l 9fc(/) for all tel. For i,j G I, 
let Dij : 0(m,n]t) — > W(m,n;t) be a linear operator such that for a G 
0(m,n;t), £> y (o) := (-iy 9 ^ d ^d i {a)d J -(-l)^+^^d 3 (a)d. l . The Special 
superalgebra is 

Sim, n; t) := {D G W(m, n; t) \ div(P>) = 0}. 
It is the derived algebra of 

S(m, n; t) := {D G W(m, n; t) \ div(D) G F}. 
Moreover, the derived algebra of S(m,n;t), 

S(m,n;t)^ = span F {Djj(a) | a G 0(m,n;t), i,j G I}, 

is a simple Lie superalgebra. 

Write to = 2r or 2r + 1. Let ' be the involution of I such i' = i + r for i G 1, r and 
i' = i for i G \\. We also use the mapping a : I — > {1, —1} given by o~(i) = —1 for 
i E r + 1, 2r and <r(i) = 1 otherwise. 

(1.3) Suppose to = 2r is even. Let Dh : 0(m,n;t) — > W(m, n;t) be an even linear 
operator given by Dn{a) := X^iGi f7 (*)(~l)' ai " a '^i( a )^i'- The Hamiltonian 
superalgebra is 
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H(m,n;t) = span F {D# (a) | a £ 0(m,n;£)}. 

Its derived algebra is simple. While H(m,n;t) is the derived algebra of the 
Lie superalgebra 

H(m, n; t) := H(m, n; i)g © H(m, n; t)j, 

where for a 6 Z2, 

H(m,n;i) a =< ^ a t di € V7(m, ra;t) Q 

ftfo') = (-l)l a 'l^l+^l+^l) Q <7(i) C r(i)5 i (a i 0,i, j € i}. 

Write 0(m,n;t) for the quotient superspace 0(TO,n;i)/F- 1 and view Dh as 
the linear operator of 0(m, n; t). One sees that H(m, n; t) = (0(m, n;t), [ , ]h), 
where the bracket is: [a, b]n '■= Dh (a) (b) for a, 6 G <D(m,n;t). 

(1.4) Suppose m = 2r + 1 is odd. The contact superalgebra is by definition 

K(m,n;t) := span F {_D^(a) | a £ 0(to, 

Djr(o):= (-^ laillal (x t d m (a)+o-(i')dAa))d t +(2a- £ 1^(0))^. 

iel\{m} iGl\{m} 

We have a Lie superalgebra isomorphism 

K(m,n\t) = (0(m,n;t), [ , ] K ), 

where the Lie bracket is: [a, b]x = Dx(a) (b)—2d m (f)(g). Note that K(m, n; i)W 
is simple. 

In the below, we introduce the other four families of Lie superalgebras of Cartan- 
type. In these cases, suppose m > 2 and n — m 01 m + 1. Let "be the involution 
of I such that i = i + m for i e I . When n = m, from d, [t| we have the following 
two families of Lie superalgebras. 

(1.5) Define an odd linear operator Tjj ■ 0(m,m;t) — > W(m,m;t) such that 
T H {a) := Eiei(- 1 ) |9l||a| ^( a )^ for a 6 0(m,m;t). The odd Hamiltonian 
superalgebra is 

HO(m;t) := span F {Ty(a) | a s 0(m,m;f)}, 
which is simple. It is the derived algebra of the Lie superalgebra 

HO(m;t) :=HO(m;t)o®IIO(m;t)i, 
where for q £ Z2, 

HO(rn;t) a =< 2_, a $i e W(m,m;t) a 
^ iei 

diia-) = (-l)l^ll^l+(l^l+l^l)( Q+I )5,K),*,j e l|. 

We have a Lie superalgebra isomorphism HO(m;t) = (0(m,m;t), [ , ]ho), 
where the Lie bracket is, [a, b]no '■= Th (a) (b) for a, b G 0(to, to; t). 
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(1.6) The Special odd Hamiltonian superalgebra is SHO(m;t) := S(m,m;t) n 
HO(m;t). Its second derived superalgebra is simple. Put SHO(m;t) :— 
S(m,m;t) r\HO(m;t). 

When n = m+1, from [H,[l(| we have the following two families of Lie super algebras. 

(1.7) The odd Contact superalgebra is 

KO(m;t) :— span F {Difo(a) | a e 0(m, m + 1; t)}, 
where D^o : C(m, m + 1; t) — >• W(m, m + l;t) is given by 

£> KO (a) := Tff(o) + (-l)l Q ld 2m+1 (a):D + (2>(a) - 2a)d 2m+1 . 

Hereafter, S := Y^i=i x i^i- Note that KO(m;t) is simple and KO(m;t) = 
(0(m, m + l;t),[ , }ko), where the bracket is 

[a, &] KO = D KO (a) (6) - (-l)l a l2d 2m+1 (a) 6 for a, b E 0{m, m + 1; t). 

(1.8) Given A S F, for a £ 0(m, m + 1; t) m > 3, consider the linear operator divA: 



The kernel of div> is called the Special odd Contact superalgebra, denoted by 
SKO(m;t). Its second derived algebra is simple. 

Convention 1.1. Hereafter X denotes W, S, H, K, HO, SHO, KO or SKO. 
For simplicity we usually write X(t) for X(m,n;t) {X — W,S,H or K) and 
X(m;t) (X = HO, SHO, KO or SKO), where t is oo or not. It is convenience to 
identify X(t) with a finite dimensional subalgebra of X(po) for t =/= oo. 

X(t) and its derived algebras are referred to as the graded Lie superalgebras of 
Cartan-type. 



Remark 1.2. When t = oo, S(t), H(t), K(t), SHO(t)W and SKO(t)W are 



2. Reduction 

In this section we establish some technical lemmas to simplify our consideration. 
Propositions 12.61 and 12.71 play an important role for determining the superderiva- 
tions of Lie superalgebras of Cartan-type. For later use we first list the heights of 
the graded Lie superalgebras of Cartan type. 

Remark 2.1. X(t) has a principal grading satisfying that 

zd(xi) = — zd(Qj) = 1 + 8x=K0~i=m + 8x=Ko8i=2m+l + 8x=SKo8i=2m+l- 




simple. 



Let h(X) denote the height of X(t)^ and put := X)™=iP* i —tci-\-ti. 



Superderivations for moular Graded Lie supralgebras 5 



Heights of Lie superalgebras of Cartan type 



Height h(X) 


Lie superalgebra X 


m - 1 




m - 2 


5, FO, SiiT with toA + 1 ^ m F 


m - 3 


if, SiTO with mA + 1 = in F 


m - 5 


SifO 


m+p tm -3 


if with n — to — 3^0 m F 




if with 7i — to — 3 = in F 



Suppose L is a Lie superalgebra and V is an L-module. Denote by Der(i, V) 
the superderivation space and Inder(L, V) the inner derivation space. Clearly, 
Der(L, V) is an L-submodule of Homj^iv, V"). Assume in addition that L = (B reZ ir- 
is Z-graded and finite-dimensional, and V = © reZ V r is a Z-graded L-modulc. 
Then the superderivation space inherits a Z-graded L-module structure 

Tkx{L,V) = ® r& Der r {L,V). 
As in the usual, write 

Der"(L,y) := span F {0 e Der^i, V) | i < 0}. 
Let T C Lq H Lg be a torus of L with the weight space decompositions: 

Then there exist subsets 0j C 6 and Aj C A such that Li = Qe ei-ki H £( Q ) 
and Vj- = ®/3eAj Vj H V(m. Hence L and V have the corresponding Z x T*-grading 
structures, respectively. Of course Der(L, V) inherits a Z x T*-grading from L and 
V as above. A superderivation <p £ Der(L, V) is call a weight- derivation if it is 
T*-homogeneous. Write for the zero weight. 

Lemma 2.2. A weight-derivation <f> £ Der(L, V) is inner if it is a nonzero weight- 
derivation. In particular, any derivation ip £ Der(L, V) is inner modulo a deriva- 
tion of zero weight-derivation. 

Proof. Suppose cf> £ Der( Q )(L, V") and a ^ 9. Since Der( a )(X, V) is Z-graded, write 
4> = wnere 4>i G Der( Q )(L, V). Then there exists t £ T with a(t) ^ such 

that for arbitrary x £ L, 

a{t)4>i{x) = [t -<t>i){x) =t- (<t>i(x)) -<t>i([t,x]) = x-(<Pi(t)). 

Hence <j>i(x) — x- (a(i) _1 </>i(i)) , which implies that <j>i is inner. Then <j> is inner. □ 

Analogous to [13, Proposition 3.3.5 and Lemma 4.7.1], we have 

Lemma 2.3. Let L = ®^ = _ r Li be a finite dimensional Z-graded simple Lie super- 
algebra. The following statements hold: 

(1) L_ r and Lh are irreducible L^-modules. 

(2) [Lo,Lh] — Lh, [Lo,L- r ] = L_ r . 

(3) C Lh _ 1 (L 1 )=0, [L h _ u L 1 ] = L h . 

(4) C L {® l>0 Li) = L h , C L {@i <0 Li) = L_ r . 
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If M C L is a subalgebra containing L_i©Li and if M flL/j-i ^ ; then M = L. □ 

Analogous to [7|, Lemma 2.1.3], we have 

Lemma 2.4. Let V be an arbitrary vector superspace over F. Suppose A\, A^,. ■ ■ , 
Ak € EndyV span an abelian sub-Lie superalgebra of q\{V). Suppose further each 
Ai is generalized invertible, that is, there is Bi e EikIfV with \Bi\ = \Ai\ such that 

A l B i A l =Ai,l<i<k, 

A l B J = (-1)1*11**1.8^, i<i^j<k. 
Ifv 1 ,v 2 ,...,v k €V satisfy: 

AiBi(vi) = Vi, 1 < i < k, 

A i (v j ) = (-l)\ A ^A j (v i ),l<i,j<k, 

then there exists v e V such that Ai(v) — Vi for all 1 <i < k. □ 

For i € I, define a linear operator $^ : W(t) — > W(t), such that 

rS<*+ei) x u dj, ifiGl ; 
x^x t x u d 3 , if i eli. 



When t^oowe adopt the convention that x^- a+6i ' > = whenever a + £j A(m; t). 
Clearly, $^ is of Z-degree 1 and |$j| = An element D e W(t) is called i-integral 
provided that di$i(D) = D. 

Lemma 2.5. Lei L be a Z-graded subalgebra ofW(t) with depth r such that L- r = 
span F {<9j | j e J(fc)} /or some feel, where J(fc) = {ii, ...,«/.} is i/ie set o/ k 
integers in I. TTien <ft(dj) is j -integral for any <j) e Der(i, W (t)j . Furthermore, 
there exists D e W(t) such that <j> — &dD vanishes on L_ r . 

Proof. For j e Ii, we have [dj, </>(9j)] = and 4>{dj) is j-integral. Suppose j e Io- It 
is clear that the elements of W(oo) are j-integral for all j e Io- For £ ^ go, Der(W) 
is a restricted Lie superalgebra with respect to the p-power and consequently, 

ad((ad9 J )P tj - 1 0(5 J )) = [<Madd 3 )P* 3 ] =0. 

Since W(t) is simple, we have (&ddj) p 3 ~ 1 4>(dj) = and then 4>(dj) is j-integral. 
Without loss of generality one may assume that (f> is Z2-homogeneous. For dj, d s e 
L_ r , since [dj,d s ] = 0, it follows that 

addj((-iy^(t>{d a )) = (-l)l^ll^lada s ((-l)^H^I(/.(c) J )) 

Put V = W(s), Aj = addj, Bj = $j and Vj = (-l)^^(dj). Form Lemma 1^41 
we can find D e W(s) such that cf) — adD vanishes on L_ r . □ 

For short, write L~ for X)i<o when L is a Z-graded Lie superalgebra. 

Proposition 2.6. For any <f) e Dcr(AT(i), W(t)) , there exists D e W(t) such that 
(f>— adZ) vanishes onX~(t). If X{t) is finite dimensional and<p e Der^ (X(t), W(t)) 
for k > — r + 1, where r is the depth of X(t), then there exists D e W(t)k such 
that <f> — adZ? vanishes on X(t). 
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Proof. Without loss of generality one may assume that <fi is Z2 -homogeneous. Ob- 
viously, the conclusions hold for X = W, S, H, HO or SHO. 

For X = K, by Lemma [2T5l there exists D x G W{t) such that (0-adDi)(l) = 0. 
Put ip — <f) — acLDi. Then for any r, g £ I\{m}, we have 9 m ((/?(a; r )) = 0. It follows 
that 

o-(r')d r ((-l) m+1)ia ^f(x q ,)) = (-l)I^H fl «l(7(« / )a < ,((-l) (l * l+1)|ar| VJ(arr')). (2-1) 

Put A r = o{r')add r , B r = $ r and u r = (-l)^^ 1 )! 9 ^^') for r G I\m. From 
(|2.ip we have by a direct computation that w r is r-intcgral. By Lemmas 12.41 and 
12.51 there exists D2 G W(t) with <9 m (D2)=0 such that A r (D2) — v r . It is easy to 
prove that there exists D G ^(i) such that <fi — adZ? vanishes on K~(t). 

For X = KO or SKO, the proof is similar. When is finite dimensional, by 
induction on i and Lemma 12.3( 4) we obtain that (f> — adD vanishes on X(t) and 

D e W(t) k . ' □ 

Proposition 2.7. Let (f> G Der(X(oo)). If d)(X~(oo)) = 0, then cj> leaves X(t) 
invariant for any t 7^ 00 . 

Proof. Let E G X(oo). A sufficient and necessary condition for E E X(t) is that 

(1) for X = W, S, H, HO or SHO, (add 2 ) pt ' (E) = for all i G I ; 

(2) for X = KO or SAT O, (ad^) 1 '' 1 (#) = for all i G Ii\{2m + I}; 

(3) for X = K, (&dxi)P tz (E) = (adlf*™ (E) = for all i G I \{m}. 
Since <f>(X~ foo)) =0we obtain that 

[0, add;] = for all i G I and X = W, S", iJ, iJO or S#0; 

[cf>, adx*] = for all i G Ii\{2m + 1} and X = AO or SKO; 

[(f>, adxi] — [<fi, adl] = for all i G Lj\{m} and X = K. 

Thus we have <f>{X{t)) C X(t). □ 

In order to prove the next proposition, we establish a technical lemma. 

Lemma 2.8. Let L = HO, SHO, KO or SKO. Suppose Al is a subalgebra of 
L(oo) ands>\. If L(s)^ + Wx^"*^- 1 ^ C A L , then L(s + £l ) (2) ci t . 

Proof. Note that 

f H o ■= x^-^'-^x" G HO(s); f KO := x^-^- 2 ^x u G KO(s); 

m 

fsHO :^Y, x{ ^ {pSZ ~ 2)£z ~ £3)d J^ e SHO(s); 
3=1 

m 

fsKO :=Y^^' {p3l ~ 2)£l ' €3) d~ 3 {^) 

+ (-l)" l - 1 mAa; (7r - (pSl - 2)£ ' ) 9j(a; tJ - (2m+1) ) G SKO{s). 
Computing [x^^ 1 " 1 ^^, fx] x , one gets 
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(1) x (-«+(P-l)P H ei) x "-(i) e A H or\HO(s + Si) {2) 



(2) x (t+(p-i)p s *^) x "-« G 4 o nJC0(s + £,) (2) 



/i(JJO)-l' 
(2) 



(3) E™i G Asho H 5ifO(s + £4 )1 2 ( W 0) ; 

(4) Asko H {SKO{s + ^O^sko) + ^^^U + ^)i 2 (5KO)-i) conta i ns the element 

m 

(-l) m (mA + 3)x( 7r +( p - 1 ) pS,£ -^(x"-< 2m+1 >) - ^a^f- 1 ^'^^^), 

where /i(L) is the height of L(s + £i)' 2 ' (see Remark I2.1[) . Now the conclusion 
follows from Lemma \2. 31 □ 

Proposition 2.9. Lei Ax denote a subalgebra of X(oo) and s > 1. Put 

E w = x^^dj for some j £ I ; E H = x « pH+1 ^; 

E s = Ai(a; ((p8<+1)e<) ) for some j G I \{z}; E K = x^^; 

E HO = Esho = x«P s * +1 ^) ; E KO = Esko = x^ Hs *\ 

If X{s)W + ¥E X C A x , then X(s + Ei)W C Ax- 
Proof. By Lemma [2.31 it is sufficient to show that Ax H X(s + £i)^ X )-i or 
A x r}X(s + Ei)ff x) ^ 0, where h{X) is the height of X(s + £,) (2) (see RemarkCD}. 
From [13, Lemma 5.2.6] it follows that 



f w : = a; (-+(p- 1 )p Sje *)a r e%n w(s + ei)fcw-T» where r e WO; 

'h(K)-n + '/,( h I 



/ H :=a; (-+[(p-i)p s --i]^-^') e A H n F(s + Ei )5 a ) 

f K := x (-+(p-Dp s — ^) g ^ n (If (a + + Kis + eA^,,), 



where p = i if i ^ to; p = 1 if i = to. 

Computing [fw , XrX^di], [fn, x^^x"] and [/if, a;^ 2ep ^x"] , respectively, one 
gets 

(1) ^^(p-i)?^.)^^ g ^ w n W{s + ei)$ w) , where I g I i; 



(2) <j{i)x^+^-^ pHei - 2e ^x u g Ah fl H(s + £i)^(H)-v 

(3) c^+fe-D'''*- V)a* e4n (if U + eOg^) + ^U + ^g^.r). 

It follows that X(s + £i) (2) C A x for X = W, H or if . For X = HO or SHO, 
choosing j g I \{i}, we have 

a-fr'**)^ = [x^+^lx-x;]^ g A x . 

Then 

a .(( P *«+ 1 -i) e4 ) = (( p _i)!)- 1 ( ada; (f Si ^) a;3 )P- 1 ( :E ((p**-i)^+(p-i)^) g A x . 
Observe that, for X = K O or SifO, 
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x ((p^+i)e.) = -2- 1 [x^ l ^\x l x 2m+1 ] KO G A x . 

As in the case X = HO, we have x^ H ~ 1 ) £< ) g Ax- From Lemma 12751 we obtain 
that X(s + e,) (2) C A x for X = HO, SHO, KO or SKO. 

For X = S, without loss of generality, we may assume inductively that As 
contains B t := D ij (x ( - 7T+( - l - 1)p " i£i ' > x UJ ), where 1 < I < p - 1. Note that for 1 < a, 
1 < b<p-l, 1 <Z <p, 



- b\ (i - i 
P a I V 1 



z - 1. 



Then 

Aj(a; (7r+ ' pSlei " ej) 2:") = r 1 [Aj(a: ((p ' i+1)ei) ),-Bj] e As. 
Choose any fe G Ii. One sees that As contains 

[Afe(^ (£i+ ^ ) ^) J [Aj(^ ((pS<+1)ei) ),A]] = -iBj+i, 

which implies that ^ 5 p = Aj(z (7r+(p ~ 1)pSl<ri) 2:") G A 5 n ^(s + £i)$ sy The 
proof is complete. □ 

3. Superderivations 

As before, X = W, S, H, K, HO, SHO, KO or SKO. Apparently, it is much eas- 
ier to determine the superderivations of X(l)( 2 ) than to determine the superderiva- 
tions of X(t). On the other hand, A(F)( 2 ) contains almost the whole elementary 
information of X(t) in a sense: A(l_)( 2 ) contains all the formal variables of the 
underlying superalgebras and all the partial derivatives di of X(t). As expected, 
starting from the superderivation algebras of the "basic" subalgebra X(lY 2 \ we 
are able to determine the superderivations of the "big" algebra X(t) and its derived 
algebra no matter X(t) is hnite dimensional or not. 

We first introduce two "exceptional" superderivations for HO and SHO. 

(1) By [3J, HO(t) has an outer derivation 

$ : HO(t) — ► HO®, /— )-E i€lo W/)- 

(2) By a direct computation, we can show that SHO(3, 3; t)^ has an outer 
derivation 

O : SHO® — > SHO(t), f .— ► r(f), 

where r : 0(t) — > 0{t) is a linear operator such that for a = ot\E\ + aiEi + 

where 



a . = | [(l + 6i)(ai + l)] 1 a^-l (modp), 
1 \ ctj = — 1 (mod p), 

where = E iG {i,2,3} <Wo<W 
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Remark 3.1. In [1], mentioned in (2) is neglected by mistake when m = 3. 

As in Lie algebra case, A(L)^ is generated by its local part and one may de- 
termine its superderivations by a direct computation. Here we single out certain 
conclusions on the negative superderivations from P, 0, S El , li , 3 : 

Remark 3.2. Der-(A(1)( 2 )) S A-(l)( 2 ) © 5 x=HO W<S> © d x=S HoS m ^O. 

Furthermore, 

{0 e Dcr(A(l)( 2 >) | (1)< 2 )) = 0} = X(l)^ r © 5 x=HO F<S> © 6 x=SH oS m =3^Q, 

where r is the depth o/ J(l)' 2 '. 

Note that T :— X^ei^ 2 '^ * s abelian and acts diag onally on W(m,n). We call 
T x := X n T the canonical torus of X. Following [12, Lemma 6.1.3 ], we have 

Lemma 3.3. Let X be a TL-graded subalgebra of X(t) containing X(t)^ and Q := 
U G Der(A, A(oo)) | <f>(X~) = o|. JTien 

Q = X- r © span F { ££=1 Fdf | i G I } © S x=H o^ © % = s;ro(3,3;iP> Fe ' 
where r is the depth of X . 

Proof. For any cj) G Q, we can consider the following cases: 

Case 1: t ^ oo. From Proposition 12.71 we know that <f> leaves X(l)^ invariant. 
In view of Remark 13.21 we may assume that X(1)W c ker0. 

Suppose 1 < s < t to be maximal element satisfying A(s)( 2 ) C ker</>. Then 

^(i) ,2) i(^nx(s))l c^(i(s)< 2 )) =o. 

In addition, for X = H,HO or SHO, 

i(i)( 2 U(xnI(s))l c 0(x(s)( 2 )) =o. 

Whence <j>(X n X(s)) = and cp(X n A(s)) = 0. The conclusion holds if s = t. 
Suppose s < t and let io be an index such that Si < ti . Fix any j G Io and 
consider the elements E x G X listed below: 

E w = x^ lo ^o)df, E H = j C ((P* <0 + 1 ) e 'o); 

£ S = A oJo (a;«»'" + 1 > e «o>); = x^ ^); 

E HO = E SHO = x ^" io+1 ^o)- E KO = Esko = x^ ^). 

By Proposition ^. 91 E x ker cj). However, a computation shows that [E x , X~(s)] C 
kerc/>, whence 

r <X£x),A-(s)l =0. (3.1) 



Let T x be the canonical torus of X. By Lemma \2. 2 1 we can assume that is a 
zero weight-superderivations. Since X(t) is centerless, we have <f>(T x ) = 0. Thus 
we can obtain the following results. 

Case 1: Suppose X = W, S, H, HO or SHO. (EH) means <j)(E x ) G J2kei ¥d k- 
By a direct computation, we can find [3 X G F such that 
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<j){E w ) = (3wd io ; <j>{E s ) = Psdj l 4>{Eh) = Phx^; 

4>{ e ho) = PhoXi ; 4>{E S ho) = PsHOXi . 

Then <p - Px&ddfj vanishes on X(s)^ + ¥E X - 

Case 2: Suppose X — K. From (|3 . 1 [) we have 4>(Ek) £ K(s)-2 and therefore, 
4>{E K ) = 2j3 K d m for some (3 K £ F. Then <f>- Pxaddf^ vanishes on K{s) (1) +¥E K . 

Case 3: Suppose X = KO or SKO. From (pTLj) we have <t>{E x ) £ X(s)- 2 and 
(j>(E x ) = -2f3 x d 2m +i for some f3 x £ F. Then <j)- f3 x a,ddf^° vanishes on X(s)^ + 
FE X . 

Summarizing, one sees from Proposition 12.91 that (f> vanishes on X (s + £i a )^ 
modulo /?xad9f o °. By induction on s, we may assume that X(t)^ C ker0. It 
follows that <p(X) — and the proof in this case is complete. 

Case 2: t = oo. From Proposition 12 . 71 we know that <j> leaves X(t)^ invariant for 
any t ^ oo. From Case 1 we can assume that 

0lx(t)W = ad£) t + i Sili a(t)# adcjf + [i t 8x=Ho$ + Mx=SHo£m=3@, 

where D t £ X(t)™ and r is the depth of X(t)^ and a(t)ij, fj, t , Vt € F. A direct 
computation shows that 

a(t)ij — a(s)ij for t < s; 

/it = // s , i/ t = v s , D t = D s for all t,s£ N{J\ 

Put L>0 := D t , (1$ := (h, := v t and ip := 4>-adD$-ii l <f > 5x=HO$—v<t>5x=SHo8 m =3®- 
Then 

<P\x(t)V) = i E£Li a{t)ijdf . 

For i 6 l,m and j > 0, choose A^ £ F such that A^ is the coefficient of *&x in 
ip(€x), where 2$x, £jk G X(t)( 2 \ Further information is listed below: 



\j 


<&x 




\W 

A il 


x u di 


x^^x^di 


\ S 7 




Duix^^x") 


\ H 


x u 




\ K 

\i 


1 






x u 


x^p' £ ^x u) 






x&^x"-®, where I 


\KO 

\l 


X2m+1 


X^ £ ^X 2m +l 


\SKO 


X2m+1 + mX(xiXi) 


x^ £ ^x 2m +i + mA(x(^+ 1 > £ -)i I ) 



Put 

6 x = Y™ 1 T,7=i^f- 
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Clearly, (ip - S x )(X(i)^) = 0. It follows that (ip - S X )(X) = and the proof in 
this case is complete. 

□ 

By a computation we are able to show that 

Nor w(1) Jf (£) = NoT W( £X(t)W for X = S, H or X; 

Nor w(i) X(t) = Nor w( t)X(i)W = Nor w( t)X(i)( 2 ) for X = SHO or SifO. 
Further information is listed below (c.f. 0, [3, [§-[11 Q El]): 
Table 3.1: Normalizer of X(t) in W(t) 



X 


s 


H 


K 


HO 


SHO 


#0 


SKO 


Nor 


s 


HfflFS 


K 


IIO T 


SHO ffi FD 


ifO 


SKO @ ¥x lX i 



Hereafter, 



D = J2iei x i9i, the degree derivation of X(t), where X = S,H, HO or SHO. 
Let M mXQO be the vector space of all m x oo matrices over F, that is 

M mXoo := j^Zili J^'jLi ¥e v I e ii is tne unit of m x oo matrix | , 

which is regarded as an abelian subalgebra of Der(L(i)) by letting 

[ eij ,D] = [df , D], for any D € W(t), 

where L = X, X (1 \ or X^\ 
Put [ey,$] = [ey,8] =0. 

Theorem 3.4. 

Der (£(£)) = (Nor w(i) L(t)) © <S x =//oF$ © 5 L=SHoW <5 ro=3 F9 © M mxoo , 
w/iere L = X, X^\ or X&1 

Proof. It is a direct result of Proposition |2~51 and Lemma T3. 31 

□ 

4. Outer superderivations 

In this section, let X = W, S, H, K, HO, SHO, KO or SKO and L = X(t), 
X(t)W or X{t)( 2 \ Denote by Der out (L) := Der(L)/ad(L) the outer superderiva- 
tion algebra of L. Write 5[ ^ = 1 if i = j (mod p); 8^^ — otherwise. 
For future reference, we establish the following Lie algebras. 

(1) Put <5 x (t) := M mxoo when X = W, K or KO. For t ^ oo, the direct sum of 
Lie algebras 

:=<8 K (t)®S> m _ n . 3 Wf K 
is an abelian Lie algebra. 
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(2) Write the direct sum of Lie algebras <8 s {t) := M mxoo © F/ 5 and let V s := 
span F {(7,f | i € l,m} be an abelian Lie algebra. Then, for t ^ oo, the semi- 
direct sum 

«f(t) :=<& s {t_) x ad V s 

is a Lie algebra with multiplication [M mxoo ,V s ] = and [f ,gf] = gf ■ 

(3) Write the direct sum of Lie algebras & H ' (t) := M mxoo ©F/ X H and let ^ H := 
spanj-jg.^ | i G l,m} be an abelian Lie algebras. Then, the semi-direct sum 

<5 H (t) :=® H {t) x ad 6 t _^V H 

is a Lie algebra with multiplication [M mxoo , V H ] = and [f H ,gf] — —2gf. 
Moreover, for t ^ oo, the semi-direct sum 

is a Lie algebra with multiplication [M mxoo , f% ] = [V H , f%} = and [f\, /f] 
(n - m - 2)/f . 

(4) Let F HO := span,^//" 5 , /.f °} be a Lie algebra given by ',ff°] = 
—2fH°. Then the direct sum of Lie algebras © (£.) := M mxoo © V is a 
Lie algebra. Let V HO := spanj-jgf | z £ 1, Jn.} be an abelian Lie algebra. 



Then, the semi-direct sum 

<& HO (t) :=© HO a)K ad ^y 



is a Lie algebra with multiplication [M mxco ,V HO ] = [f" ^" } = and 

Theorem 4.1. Let X = T'K, S 1 , AT, HO or KO. The outer super derivation 
algebras are as follows: 

Ber out (X(t))=& x {t_); 

Dei out (X(t)W) <8f (|), where X = S,H or K, and t^ go. 

In particular, they are all Lie algebras. Furthermore, Dei ou t[K(t)^ 1 ^ , Der out (-ff(oo)) 
and Der out (X(i)) are abelian when X — W, 5, H 7 K or KO. 

Proof. From @, i, [Til, Q Gil we have 

(1) S(t) = S(t) © FD 

= S(t)W ©^ooEieio Fa^-^^ffiFID; 

(2) 77(t) = © ^tgg E ieIo Fa^Oty 

(3) K(t) = K(t)W © ^oa^^aFiWa^; 

(4) HO(t) = HO(t) © d^ooEuao ^ (7ri£l) ^- 
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From Table 3.1 and Theorem 13.41 by a direct computation we have the desired 
results. □ 

The structures of SHO(t) and SKO(t) are very complicated. Now we consider 
their outer superderivations. 

(1) Let V SH ° := span F {/f ffo ,/ 2 5HO } be an abelian Lie algebra and V SHO := 
span F {<?,f HO | i 6 l,m} be an abelian Lie superalgebra with V^ HO = 0. 

Clearly, the direct sum of Lie algebra <8 SH °(t) := M mxoc © y SHO j g an 
abelian Lie algebra. Then the semi-direct sum 

<s SH °(t) :=e SHO (t_)K ad s^v SHO 

is a Lie (super) algebra with multiplication [M mxoo , V SHO ] = [fi HO ,V SHO ] = 
0aad\f? H °,gf H °] = -2g? H °. 

For t — oo, the semi-direct sum 

is a Lie algebra with multiplication [M mxoo , fi HO ] = 0; [f^ HO 'Ji' HO ] = 
(^-2)/ 3 sg °; [/f ,/f°] = /f Q 

For t oo, let A(m) := A(m) be an abelian Lie superalgebra by letting 
A(m)j :— A(m)^pj-, i = 0,1. Then the semi-direct sum 



©i (£) := © SHO (i) x ad A(m) 

is a Lie superalgebra, having a Z 2 -grading structure induced by <3 SHO (t) and 
A(m), with multiplication 

[ff HO ,x u ] = (2|u| -m-2)x u ; [fi HO , x u ] = x u ; [x 11 , x v ] = 0; 
[M mXoo ,x u ] = 0; [gf HO ,x u ] = (-l)^5- iGu x u -® , 



£ A(m), where (— 1)( 2 '") is determined by the equation di'(x u ) — 
r_^\(i,u) x u-{i')_ 

Let Vf HO = span^/f™ «5 m=3 /f"°} and 
be a Z 2 -grading space with 

(ef HO GO) = («?*°G9) © (ef HO (*))i = (©P°(i))r 

Then C5f ff ° (t) is a Lie superalgebra by letting 

[fi HO , f! HO ] = -4/r°; [fi H °, f! HO ] = 2/f°; 



[M mXoo ,fl H °] = [V s *°,/ 4 Sff °] = [A(m),fi H °] = 0; 

\fSHO fSHO] _ [ fSffO fSHO]_ fSHO. 
Ul >J5 \ — U2 i J5 I ~ J5 i 

[M mXM ,/#"°] = [yS"° /P°]=0; 
[fy (*"), = ,g/ ffo , fo, , /po] = 0; for j = 1,2,3 

[1, fi»°] = 0; [z", = 2-H3/ 2 Sff ° + /f HO ); [/f HO , / 5 SHO ] = 1, 
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(2) Write the direct sum of Lie algebras <8 SKO {t) := M mXQC © ¥f SK °. 
For t = oo, the semi-direct sum 

-SKO ( <5 SKO {t) K ad F/f KO mX-m + 2 = (mod f>) or A = 1; 
®i UJ - I sko (|) otherwise. 

is a Lie algebra with multiplication [M mxoo jf KO ] = and [f SKO , f? KO ] = 

f SKO_ 

For t ^ oo, we introduce some symbols for simplicity. Let 12, • • • , ik) be a 
fc-tuple of pairwise distinct positive integers. Write the integer 

l(\,m) := Z)feG6o(A,m) (T) + J2k£& 2 (\,m) Ofc) > 

where 6;(A,m) := {k G 0~m | mA - m + 2fc + Z = G F}. Let T/ 5KO := 
F 5 SKO © ySKO k e a z 2 _g rac l ec j vector space where 

*f KO := Vbi © F 02 , *f KO := Kn © V 12 ; 

V i := span F {X il; ... iir | r G 6 2 (A,m), (ii, . . . , i r ) G J(r),m - r is odd}; 
V02 := span F {lj 1) ... i-7 - 1 | I G 6 (A,m), (ji, . . . G J(Z),m - Z is even}; 
Vii := span F {X il; ... iir | r G 6 2 (A,m), (ii, . . . , i r ) G J(r),m - r is even}; 
V12 := span F {y, l! ... J , | I 6 6 (A,m), (ji, . . . G J(Z),m - Z is odd}; 
J(0) := 0; J(r) := {(i u . . . , i r ) | 1 < ii < • • • < i r < to}. 

Moreover, V SKO is a Lie superalgebra by letting 

[Voi + Vii, Voi + Vn] = [V Q 2 + V12, V Q2 + Vi 2 ] = 0; 

[^i u ...,i r ,Yj 1 ,...,ji] = ( — l) r ( m r+1 ^\Yj 1 ,...,j l , -^ii,...,i r ] 

0, _ _ _ _ (ii,...,i r ) {jl+l,---,jm) 

^mA,-l S g n (V+l,---,im,«2,---,V) • 1, (il,...,ir) = (ji+l> • ■ • , jm)- 

Then, the semi-direct sum 

® s ; KO (t) :=® SKO (t) K ad V SKO 

is a Lie superalgebra, having a Z2-grading structure induced by V s KO , with 
multiplication [M mxoo ,V SKO ] = 0, ad/ SKO | v sKo = id v s K o. 

Moreover, the semi-direct sum 

@ SKO ^^KO^s^^fSKO 

is a Lie superalgebra, having a Z 2 -grading structure induced by ©f KO , with 
multiplication [M mxoo ,/f°] = [V SKO , f^ KO ] = 0; [f SKO ,f? K °] = 2/f*°. 
Note that ©f KO = <8f KO is a Lie algebra when _ 1 = 0. 

Theorem 4.2. Let X = SHO or SKO. The outer superderivation algebras are 
as follows: 

Der out (X(i)) =<5 x (t_); 

■x , 



Der out (X(i)W) = (Sj (t), whent = oo 
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Der out (X(t)«) £ (Sf (t), i = 1, 2 wAera i ^ 



OG. 



Moreover, Dcr out 

case S' mX _i = are all Lie algebras. In addition, Der out (Y(oo)) is abelian. 

Proof. For t ^ oo, if to > 3, the conclusions follow directly from 0, [l(|; if X = 
SHO and to = 3, the conclusions hold from a simple computation. For f. = oo . 



SHO(t) n s(t) = sno{t) ® Vx lXi 

= SHO(t)^ © Wx u © Fxixj; 



SKO{t) 



SKO(t)W © Fa;" mA - m + 2 = (mod p) or A = 1; 
SKO(t)^ otherwise. 



From Table 3.1 and Theorem 13.41 by a direct computation we have the desired 
results. □ 

Remark 4.3. In the finite dimensional simple case Theorems \4-l\ and \4-2\ are 
known fl, % 

Remark 4.4. Note that there is an error in the formulation of Theorem 2.11 inf^J. 

Remark 4.5. When t < oo, denote r\ — following dimension formu- 

las hold: 

Dimensions of outer superderivations algebras of Cartan type 



X 


dim (Der out (X(i))) 


dim (Der out (X (£)«)) 


dim(Der out (X(t) (2) )) 


w 


rj — to 






s 


7] — TO + 1 


v+ 1 




H 


TJ+1 


7/ + 2 




K 


rj — to 


?7 - to + s;_ m , 3 




HO 


?7 + 2 






SHO 


t? + 2 


?/ + 2 m + 2 


7? + 2 m + 3 + <5 m=3 


KO 


7^ — TO 






SKO 


?7 — TO + 1 


7/ — to + 1 + l(X, m) 


?7-to+1 + /(A,to)+^„ a _ 1 
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